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Localization, in the sense of a more or less abrupt change from a smoothly varying deformation pattern to a
pattern involving one or more regions of highly localized deformation, occurs in a wide variety of circumstances,
including shear band localizations in structural metals, rocks, and concrete and localized tearing in sheet forming
operations. The onset of necking in the round bar tensile test is a classic example of this type of localization. A
similar observation in structural buckling is that the � nal buckled con� guration is a localized mode in contrast to
the periodic mode associated with the critical buckling load. In buckling,as in tensile necking, the basic mechanism
of localization is associated with a bifurcation in the vicinity of the maximum load point. In particular, narrow
cylindrical panelsoccur in stiffened cylindricalshells and,dependingon their curvature,mayor maynothavea load
maximum associated with deformation in the periodic buckling mode. Previously we analyzed the development
of buckling pattern localization in elastic–plastic cylindrical panels subject to axial compression. The effect of
residual stresses on buckling localization in cylindrical panels is now explored.

Nomenclature
a = length of shell analyzed
a®¯ = metric tensor of the shell middle surface
b = distance between shell stiffeners
d®¯ = curvature tensor of the shell middle surface
E = Young’s modulus
h = shell thickness
K = tangent stiffness
L , L A , L B = bar lengths
L i jkl = tensor of instantaneousmoduli
M®¯ = moment tensor
m = buckling mode wavelength
N = bar axial force
N ®¯ = membrane stress tensor
n = strain hardening exponent
P = shell axial load
R = shell radius
U = magnitude of shell axial end displacement
u = bar displacement
u® = shell in-plane displacements
w = shell out-of-planedisplacement
x = bar axial coordinate
x® = coordinates in shell middle surface
x3 = shell through-thicknesscoordinate
® = axial buckling mode wavelength parameter, mb=a
¯ = parameter characterizing the residual

stress distribution
² = strain
²av = shell average axial strain
²®¯ = membrane strain tensor
´i j = Lagrangian strain tensor
µ = geometrical parameter
·®¯ = bending strain tensor
º = Poisson’s ratio
N» ; N»1 = imperfection amplitudes

Presented as Paper 2000-1462at the AIAA 41st Structures, Structural Dy-
namics, and Materials Conference, Atlanta, GA, 3–6 April 2000; received
1 June 2000; revision received 26 September 2000; accepted for publica-
tion 26 September 2000. Copyright c° 2000 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤Professor, Department of Solid Mechanics.
†Professor, Division of Engineering.

½ = the ratio L B =L
¾av = shell average axial stress
¾c = critical buckling stress
¾ i j = stress tensor
¾R = residual stress amplitude
¾y = yield strength

Subscript and Superscript

;® = surface covariant derivative
P = time derivative

I. Introduction

A COMMON occurrence in a wide variety of circumstances is
that a smoothly varying deformation pattern changes more or

less abruptly to one involving regions of highly localized deforma-
tion.Examples includeshearband localizationsin structuralmetals,
rocks, and concrete and localized tearing in sheet forming opera-
tions.Considére’s result1 thatneckinginitiatesat the maximum load
point for a suf� ciently long thin bar is a classic illustration of this
type of localization.

In structuralbuckling,the � nal buckledcon� gurationis oftenseen
to be a localized mode in contrast to the periodic mode associated
with the critical buckling load. The experiments of Moxham2 show
that the � nal collapse mode of an axially compressed steel plate
strip involves one buckle rather than a periodic pattern. Tvergaard
and Needleman3 observed that the basic mechanism of buckling
localization is associated with a bifurcation in the vicinity of the
maximum load point and is closely analogous to the Considére1

view of tensile necking.
A variety of buckling phenomena can be understood in terms

of a bifurcation into a localized mode at, or subsequent to, the
attainment of a load maximum. Cylindrical shells and panels are
basic structural elements of considerable technological importance
that have been the subject of many fundamental investigations, for
example, that of Amazigo and Budiansky,4 and that can exhibit
localization. For example, relatively thick axially compressed cir-
cular cylindrical shells collapse axisymmetrically,whereas thinner
shells buckle in a diamond pattern. In all cases, the initial buckling
mode for elastic–plastic circular cylindrical shells is axisymmetric.
In the plastic range, the critical stress for nonaxisymmetric modes
is slightly higher than the critical stress for the axisymmetric mode.
For thicker shells, bifurcation into a nonaxisymmetricmode occurs
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after a load maximum has been attained.5;6 Localization following
the load maximum for thicker shells is what precludes the nonax-
isymmetric bifurcation and causes collapse to occur in an axisym-
metric mode.7;8

Narrow cylindrical panels occur in stiffened cylindrical shells.
Koiter9 showed, on the basis of his general theory of elastic
stability,10 that whether or not a load maximum is attained for
such panels depends on the panel curvature. Suf� ciently � at elastic
cylindrical panels subject to axial compression have a stable initial
postbuckling response and so do not attain a load maximum in the
vicinity of the bifurcation point. On the other hand, more curved
panels have an initially unstable postbuckling response, and a load
maximum is attained in the vicinity of the bifurcationpoint. Hence,
such panels are imperfection sensitive. Tvergaard11 analyzed the
postbucklingbehaviorand imperfectionsensitivityof elastic–plastic
cylindrical panels. The decrease in stiffness associated with plastic
yielding increased the range of panel curvatures that gives rise to
imperfection sensitive response. Thus, whether or not a cylindrical
panel is prone to localization depends on the panel curvature and,
for elastic–plastic panels, on the strain hardening characteristicsof
the material.

Recently, Tvergaard and Needleman12 analyzed the development
of buckling pattern localization in elastic–plastic cylindrical panels
subject to axial compression.For the cylindricalpanel, it was shown
that buckling localization develops shortly after a maximum load
has been attained, and this occurs for a purely elastic panel as well
as for elastic–plastic panels. When localization occurs after a load
maximum, but where subsequentlythe load starts to increaseagain,
it was found that near the local load minimum the buckling pattern
switches back to a periodic type of pattern. The inelastic material
behaviorof the panel was described in terms of the J2-corner theory
of Christoffersen and Hutchinson,13 which is a phenomenological
theoryof plasticityof a classconsideredby Sanders14 that avoids the
sometimes unrealisticallyhigh buckling loads predicted by smooth
yield surface theories of plasticity.

In thispaper,we � rst presenta simplemodel forbucklinglocaliza-
tion. Then, the effect of residualstresseson bucklingmode localiza-
tion in cylindrical panels is analyzed.Ravn-Jensenand Tvergaard15

showed that residual stresses can signi� cantly affect the maximum
load in cylindrical shell structures and so can be expected to have
an effect on buckling localization.Here, this effect is illustrated for
the case of cylindrical panels.

II. Simple Model
A simple one-dimensional bar model3 illustrates that the basic

mechanism involved in buckling localization is analogous to the
necking of tensile bars. A homogeneous, axially compressed bar
constrained to remain straight, as shown in Fig. 1, is used as a one-
dimensional model of a periodically buckled structure. The bar is
of length L , and end displacements are prescribed at x D 0; L . The
incremental relation between the axial force N and the strain ² is

PN D K P²; P² D Pu;x (1)

where subscript ;x denotes differentiation with respect to the ax-
ial coordinate x , the overdot denotes incremental quantities, and
K is the tangent stiffness, which incorporates the effects of both
geometric and material nonlinearities.

Incremental equilibrium requires

PN;x D 0 (2)

At any stage of loading, one possible solution is continued ho-
mogeneous deformation. The possibility of a bifurcation from the

Fig. 1 One-dimensional bar model.

homogeneousstate is soughtwhere the bifurcationmode consistsof
a localized region that can undergo incremental straining different
from that in the bulk, although each region itself deforms homoge-
neously.

From Eq. (2),

PNA D PNB D PN (3)

where the subscripts A and B are quantities outside and inside the
localized region, respectively.

Since

PNA D K P²A; PNB D K P²B (4)

incremental equilibrium implies

K .P²A ¡ P²B / D 0 (5)

Hence, the onset of localization is only possible at the maximum
load point, that is, when K D 0.

The postlocalizationresponse can be determined within the con-
text of this bar model. Let L A and L B be the lengths associatedwith
regions A and B, respectively.Then,

L D L A C L B (6)

Because ² D 1u=1x ,

P² D .1 ¡ ½/ P²A C ½ P²B (7)

where ½ D L B =L .
After localization, the constitutive response is expressed by

PNA D K A P²A; PNB D K B P²B (8)

Combining Eqs. (8), (7), and (3) gives

P² D . PN=K B /[ ½ C .1 ¡ ½/.K B =K A/] (9)

At localization K B D 0, whereas K B is negative after the max-
imum load. With K A algebraically larger than K B , the postlocal-
ization traction-deformation gradient curve lies below the one for
homogeneous straining and the smaller ½ is the more quickly the
load drops. Hence, the postlocalization stiffness depends on the
size scale of the localized region, and this length scale is set by
factors outside the scope of the one-dimensional analysis. For lo-
calized buckling in structures, geometric effects set the size scale.
This simple model illustrates the tendency for localization when a
load maximum is reached and has bearing on a variety of buckling
problems including,for example, the axiallycompressedplatestrips
of Ref. 2, stiffened panels, bent tubes that reach a maximum load
due to the Brazier effect (ovalization of the cross section), and the
axially compressed cylindrical panels analyzed here.

III. Governing Equations
The axially compressedcylindricalpanels to be analyzedhere are

taken to bepart of a longitudinallystiffenedcylindricalshell, eachof
which is boundedby two neighboringstiffeners.The local buckling
mode of interest is one in which the stiffeners remain straight,while
the shell buckles in a short wave pattern between the stiffeners.The
initial elastic postbucklingbehavior of such panels was analyzedby
Koiter,10 and it was shown that the postbuckling behavior is stable
for suf� ciently � at panels, as for elasticplates,but unstablefor more
curvedpanels.A similar transitionfrom platelikebehaviorfor rather
� at panels to more unstable behavior for curved panels was shown
by Tvergaard11 for elastic–plastic cylindrical panels. Here, with a
focus on buckling localization, the main interest is in cases where
the primaryperiodicbucklingpattern is characterizedby an unstable
postbucklingbehavior.

The formulation of the governing equations follows that by
Tvergaard and Needleman12 and is outlined here. The shell has
thickness h and radius R, and the circumferential distance between
the equally spaced stiffeners is b (Fig. 2). The main effect of the
stiffeners is to prevent waviness of radial de� ections along their
lines of attachment. As in Koiter’s analysis of the elastic cylindri-
cal panel,10 this is the only stiffener constraint accounted for in the



TVERGAARD AND NEEDLEMAN 731

Fig. 2 Cylindrical panel.

present investigation.Thus, it is assumed that there is no constraint
on tangential shell displacementsalong the stiffeners.The torsional
rigidity of the stiffeners is also neglected. On the middle surface
of the circular cylindrical shell, a point is identi� ed by the coordi-
nates x1 and x2, where x1 measures the distance along the cylinder
axis and x2 measures distance in the circumferentialdirection. The
displacement components are u® on the surface base vectors and w
on the outward surface normal. The strain measures used are the
nonlinear membrane strain tensor

²®¯ D 1
2 .u®;¯ C u¯;®/ ¡ d®¯ w C 1

2
a° ±.u°;® ¡ d° ® w/.u±;¯ ¡ d±¯ w/

C 1
2

¡
w;® C d°

®
u°

¢¡
w;¯ C d ±

¯
u±

¢
(10)

and the linear bending strain tensor speci� ed by Koiter16

·®¯ D 1
2

£¡
w;® C d°

® u°

¢
;¯

C
¡
w;¯ C d ±

¯ u±

¢
;®

¡ 1
2
d°

® .u¯;° ¡ u°;¯ / ¡ 1
2
d°

¯ .u®;° ¡ u°;®/
¤

(11)

where a®¯ and d®¯ are the metric tensor and the curvature tensor,
respectively, of the undeformed middle surface, and subscript ;®
denotes covariant differentiation.Greek indices range from 1 to 2,
whereas Latin indices (to be employed subsequently) range from 1
to 3, and the summation convention is adopted for repeated indices.
Note that strainmeasures proposedby Niordson17 are identicalwith
Eqs. (10) and (11), except for small differencesin the bending strain
measure of the order of d°

® ²°¯ .
The three-dimensionalconstitutiverelationsare taken to be of the

form

P¾ i j D L i jkl Ṕkl (12)

where ¾ i j is the stress tensor,´kl is the strain tensor, and the overdot
denotes an incrementalquantity.Because the stress state in the shell
is approximatelyplane,only the in-planestressesenter into Eq. (12).
Thus, the constitutive relations can be written as

P¾ ®¯ D OL®¯° ± Ṕ° ± ; OL®¯° ± D L®¯° ± ¡
L®¯33L33° ±

L3333
(13)

The in-plane components of the Lagrangian strain tensor at a dis-
tance x3 outward from the shellmiddle surface are approximatedby

´®¯ D ²®¯ ¡ x3·®¯ (14)

The membrane stress tensor N ®¯ and the moment tensor M ®¯ in
a shell with thickness h are taken to be

N ®¯ D
Z h=2

¡h=2

¾ ®¯ dx3; M®¯ D ¡
Z h=2

¡h=2

¾ ®¯ x3 dx3 (15)

Then, from Eqs. (13–15), incremental relations are obtained for
PN ®¯ and PM®¯ in termsof P²° ± and P·° ±. The requirementof equilibrium

is speci� ed in terms of the principle of virtual work
Z

A

£
N ®¯±²®¯ C M®¯±·®¯

¤
dA D P±U (16)

where A is the middle surface area, P is the total axial load acting
on the cylinder, and U is the axial displacementat one end (x1 D a),
while at the other cylinderend zero axial displacementis prescribed.

Because the buckling pattern is periodic in the circumferential
direction, due to the constant stiffener spacing, only a shell section
between the centers x2 D 0; b of the two neighboring cylindrical
panels needs to be considered (see the coordinate system in Fig. 2).
Because of the symmetry of mode displacementsabout these panel
centers, the boundary conditions can be speci� ed as

@u1

@x2
D u2 D @w

@x2
D @3w

@.x2/3
D 0 (17)

at x2 D 0; b.
Across the line of attachment of a stiffener, continuityof all � eld

quantities is required, except for the possible discontinuity of the
transverse shear force resulting from the constraint

@w

@x1
D 0 (18)

at x2 D b=2.
The length of the shell section analyzed is a. The symmetry

boundary conditions at x1 D 0 are

u1 D 0;
@u2

@x1
D @w

@x1
D @3w

@.x1/3
D 0 (19)

and at x1 D a,

u1 D ¡U;
@u2

@x1
D @w

@x1
D @3w

@.x1/3
D 0 (20)

so that ¡U=a D ²av is the speci� ed average strain in the axial direc-
tion.

The uniaxial stress–strain curve is represented by a piecewise
power law with continuous tangent modulus:

² D
»

¾=E; for ¾ · ¾y

.¾y=E /
£
.¾=¾y /n.1=n/ C 1

¤
; for ¾ > ¾y

(21)

where n is the strain hardening exponent.
Bifurcation calculations based on the simplest deformation the-

ory of plasticity are known to give better agreement with experi-
mentally obtainedbuckling loads than do similar calculationsbased
on the simplest � ow theory because deformation theory accounts
in a phenomenologicalway for the development of a yield surface
vertex.18 To account for the development of a vertex on subsequent
yield surfaces, the analyses here are based on the J2-corner the-
ory of Christoffersen and Hutchinson.19 In this theory, the instan-
taneous moduli for nearly proportional loading are chosen equal to
the deformation theory moduli, and for increasing deviation from
proportional loading the moduli increase smoothly until they coin-
cide with the elastic moduli for stress increments directed along, or
within, the corner of the yield surface. Details of the corner theory
formulations in connection with buckling analyses have been given
previously6;20 and are not repeated here.

For an elastic cylindrical panel, Koiter10 found the following ex-
pression for the critical bifurcation stress:

¾c D ¡E
¼ 2h2

3.1 ¡ º2/b2
.1 C µ 4/ (22)

where the panel curvature parameter µ is de� ned by

µ D
4
p

12.1 ¡ º2/

2¼

b
p

Rh
(23)

Expression (22) is valid for µ · 1 with the axial half-wavelength
equal to the panel width b. For µ > 1 two axial wavelengths are
critical simultaneously. For some of the cylindrical panels to be
consideredhere, the elasticbifurcationstress (22) exceedsthe initial
yield stress. For these cases, the elastic–plastic bifurcation stress
and the corresponding axial wavelength are determined by the use
of expressions speci� ed by Tvergaard.11
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Numerical solutionsof the incrementalequilibriumequationsare
obtained by dividing the shell segment analyzed into rectangular
conforming � nite elements. Within an element, each displacement
component is approximated by products of Hermitian cubics in the
x1 and x2 directions,and integralsover the middle surfaceare evalu-
ated by 4 £ 4 point Gaussian quadrature,with seven-pointSimpson
integration through the thickness.

As long as the average axial shortening increases monotonically,
the end displacement can be prescribed.However, after a load max-
imum, it is possible for the average axial strain rate to change sign.
In such cases a special additional Rayleigh–Ritz procedure is used
to prescribe a normal displacement increment instead of the end
displacement.21

IV. Cylindrical Panel Results
Cylindrical panels with an initial imperfection are analyzed,

where the imperfection is speci� ed as an initial normal de� ection
of the form

Nw.x1; x2/ D
£
N» C N»1 cos.¼ x1=a/

¤
h cos.m¼x1=a/ cos.¼ x2=b/

(24)

where N» is the amplitude of an initial periodic imperfection and
the additional amplitude N»1 speci� es a small deviation from peri-
odicity that makes the imperfection slightly larger near x1 D 0 than
near x1 D a. The length of the shell section analyzed is taken to be
a D mb=®, where the axial wavelength parameter® is calculated so
that the imperfection wavelength in the axial direction agrees with
the wavelength of the critical bifurcationmode in an in� nitely long
panel, according to J2-deformation theory of plasticity.

The residual stress distributions considered here are similar to
those studied by Ravn-Jensen and Tvergaard,15 that is, stress dis-
tributions corresponding to those resulting from welding along the
stiffener (e.g., see Masubuchi22). When the structure is cooled to
room temperatureafter welding, large tensile stressesdevelopalong
the weld as a result of thermal contraction, while compressive
stresses develop farther away from the weld to keep equilibrium.
It is assumed that the large initial tensile stress at the weld is equal
to the initial yield stress ¾y , while the constant value of the stress
component ¾11 in a certain region between stiffeners is ¡¾R . The
transition of the axial stress component ¾11 from the constant com-
pressive level to the peak tensile residual stress is assumed to follow
a cosine variation in a strip of shell material ¯b=2 wide on each side
of the stiffener. Here, the value of the parameter ¯ is simply de-
termined by the residual stress � eld being self-equilibrated,that is,
¯ D 2¾R =.¾R C ¾y/. Thus, when the residual stress level is speci� ed
by a small value of the stress ratio ¾R =¾y , the transition takes place
in a very narrow strip of shell material, whereas a larger residual
stress ratio results in a transition over a wider strip of material.

The cylindrical panel to be used for illustration of the ef-
fect of residual stresses is one of those analyzed previously by
Tvergaard and Needleman.12 In this case, the material parameters
are ¾y=E D 0:002, º D 0:3, and n D 10. The shell thickness to panel
width ratio is taken to be h=b D 0:025, and b=R is speci� ed by tak-
ing µ D 0:6 in Eq. (23). Then, according to Tvergaard,6 this is a
case where an unstable postbucklingbehavior is expected to lead to
bucklinglocalization.When m D 6 is taken in Eq. (24), a bifurcation
analysis using expressions by Tvergaard6 gives ¾c=¾y D ¡1:11 and
¯ D 1:125for J2-deformationtheory.Note thatm D 6 is a ratherarbi-
trary choiceof the panel length,but localizationof a bucklingpattern
is more likely to occur in a structure containing several half-waves
of the primary periodic buckling pattern. The initial imperfections
are taken to be given by N» D 0:01 and N»1= N» D 0:01 because it was
found by Tvergaard and Needleman12 in the absence of residual
stresses that these small imperfectionsresult in a clear case of buck-
ling localization.The panel is analyzedhere with a uniformmesh of
48 £ 8 rectangularshell elements on the part of the cylindricalshell
analyzed, that is, 48 elements in the longitudinal direction and 4
elements on either side of the stiffener between the stiffener and the
centerline for the cylindricalpanel (see Fig. 2). This 48 £ 8 mesh is
� ner than the 24 £ 4 mesh used in previous studies, which gives an
improved resolution of the transition region for the residual stress

Fig. 3 Average axial stress curves for µ = 0:6, Å» = 0:01, and Å»1 / Å» = 0:01.

Fig.4 Normalde� ections alongcenterline, x2 = 0, of a cylindrical panel
with ¾R /¾y = 0:0.

distribution.The re� ned mesh makes only a little difference in the
predictions, that is, an 0.5% reduction in the predicted maximum
load and up to a 1.3% reduction in the load at a given average strain
well beyond the maximum, but this slightly improves the possibility
of detecting the onset of bucklingpattern localizationin a postbuck-
ling rangewhere there is only a slightdownward slopeof the overall
stress–strain curve.

Figure 3 shows average axial stress–strain curves for different
levels of the residual stress, where ¾av D jP j=hb and ²av D ¡U=a.
The solid curve, for ¾R =¾y D 0:0, represents the case analyzed by
Tvergaardand Needleman,12 but here thecomputationis takenmuch
farther. The other three curves correspond to increasing levels of
initial residual stress, and they show the tendency, also found by
Ravn-Jensen and Tvergaard,15 that for a rather large residual stress
level the initial load peak disappears, and buckling initially occurs
under increasing load until a rather � at maximum is reached after
some additional axial straining. Basically, the effect of the residual
stresses is that the higher compressive stresses in the central part of
a cylindrical panel will tend to reduce the buckling load and will
also result in earlier onset of plastic yielding.The differentbehavior
observed after the lower buckling load is a result of the interaction
of the plastic yielding resulting from the residual stress � eld and
that resulting from the postbucklingbehavior.

Figures 4–7 show normal de� ections along the centerline of the
panel, x2 D 0, to illustrate the buckling behavior. Figure 4 repeats



TVERGAARD AND NEEDLEMAN 733

Fig.5 Normalde� ections alongcenterline, x2 = 0, of a cylindricalpanel
with ¾R /¾y = 0:1.

Fig.6 Normalde� ections alongcenterline, x2 = 0, of a cylindricalpanel
with ¾R /¾y = 0:2.

Fig.7 Normalde� ections alongcenterline, x2 = 0, of a cylindricalpanel
with ¾R /¾y = 0:4.

the result for the absence of residual stress, to show how the ini-
tially periodic buckling pattern develops into a clearly localized
de� ection pattern once the sharp load peak has been passed. For
¾R =¾y D 0:1, the stress–strain curve in Fig. 3 also shows a rather
sharp load peak, and the correspondinglocalizationpattern in Fig. 5
is rather similar to that shown in Fig. 4. In the case of ¾R=¾y D 0:2,
the shape of the average stress–strain curve has started to change
signi� cantly, and this has a strong effect on the de� ection pattern
shown in Fig. 6. At ²av D ¡0:00213, just after the load maximum,
some localization has started to develop, but at ²av D ¡0:00278,
where the average stress strain curve has � attenedout, this buckling
pattern localization has disappeared. Subsequently, the downward
slope of the average stress–strain curve increasesagain, as the effect
of the initial residual stresses is wiped out by general plastic � ow
in the cylindrical panel, and then localization develops again, as is
seen for the two larger values of ²av in Fig. 6. Finally, for the largest
residual stress value considered, Fig. 7 shows that no localization
develops at all, even though a load maximum is passed in the post-
buckling range at ²av D ¡0:00419. According to the simple model
[ Eqs. (1–9)], localization should take place at the load maximum,
but here the � nite length of the panel analyzed, as compared with
the buckle wavelength, gives a delay in the development of local-
ization, and the downward slope of the stress–strain curve after the
maximum is not large enough to overcome this delay.

The effect of residual stresses on buckling localizationpresented
in Figs. 3–7 is not general for a wide range of cylindrical pan-
els. Buckling localization can only occur if a load maximum has
been reached, and this will only occur for certain combinations of
panel geometry and material parameters.11 However, even in such
cases the localizationbehaviorvaries from case to case, as has been
discussed by Tvergaard and Needleman.12 To get some further un-
derstandingof the effect of residual stresses, another panel has been
analyzed, with the same imperfections and axial wave number, but
for a higher hardening material, n D 3, and with the curvature pa-
rameter µ D 0:75, leading to ¾c=¾y D ¡1:32. This case also gives
some buckling localization12 for ¾R=¾y D 0:0. Even for the rather
large residual stress, ¾R =¾y D 0:4, where no localization occurred
for the case studied earlier, it is found that this high hardening case
gives localization as the load decays sharply immediately after the
load maximum, but shortly after this, all localization is wiped out
as the load starts to increase further, due to the high hardening.This
illustrateshow the localizationbehaviorvaries signi� cantlywith the
problem parameters.

V. Conclusions
As described by the simple one-dimensionalmodel, localization

is predicted if a load maximum occurs,which includes load maxima
predictedfor purely elastic structures.However, material nonlinear-
ity tends to soften the structural response,so that a structurewith no
maximum in the elastic range may show a maximum in the plastic
range, and therefore, the nonlinear material behavior may strongly
promote the localization process. With the residual stress distribu-
tions here, the load decreases more slowly after the peak load, as
the magnitude of the residual stress increases. For a large enough
residual stress, the postpeak decrease in load is suf� ciently gradual
that localization is suppressed for the low hardening � nite length
panels analyzed. However, changes in both material and geometric
parameters stronglyaffect the postlocalizationbehaviorand, hence,
the in� uence of residual stresses.
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